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Line Shape Analysis of Spin Echo Signals in Cubic Solids

M . M e h r in g  and  0 .  K a n e r t

Physikalisches Institut der Universität Münster 

(Z. Naturforsch. 24 a, 768—774 [1969] ; received 22 February 1969)

In the case of static magnetic dipolar and electric quadrupolar interactions (inhomogenous 
broadening) the dependency of the spin echo height at time t = 2 r after a Ji/2 -r-ß pulse sequence 
on the rotation angle ß of the second rf-pulse is calculated for the spins 7=3/2, 5/2, 7/2, 9/2. For 
each spin I an optimum rotation angle /?0pt is found out for which the spin echo signal has a maxi­
mum. From the measured spin echo lineshape the distribution function of the quadrupole distortion 
in a solid can be determined. The mean quadrupole distortion can be obtained from the echo width. 
Detailed calculations in the case of Gaussian and Lorentzian distribution functions are presented.

In cubic crystals the effect of static magnetic di­

pole and electric quadrupole interactions on the 

line shape of spin echo signals was demonstrated 

by So lo m o n1, Flett and R ic h ards2, Butter- 

worth 3, Bonera and Galimberti 4. In a cubic 

crystal, the echo width at time Z = 2 r after a Tt/2-r-ß 
pulse sequence is determined by the magnetic di­

pole and static quadrupole interactions. The latter 

are produced by lattice defects. Simultaneously the 

echo height depends strongly on the rotation angle ß 
of the second rf-pulse. Starting from the results in 

the papers mentioned above, this work aimes at the 

determination of the spin echo line shape in the pre­

sence of both types of interactions for the nuclear 

spins 7 = 3/2, 5/2, 7/2, 9/2. Furthermore an instruc­

tion in detail will be given to calculate the quadru­

pole line function and the coresponding mean qua­

drupole distortion from the measured spin echo sig­

nal. The Fourier-transform of the quadrupole part 

represents the distribution function of the quadru­

pole perturbation in the sample. It is correlated 

with the number, type, and distribution of the lat­

tice defects in the crystal, and so one can obtain in­

formation about the defects by means of spin echo 

measurements. In a proceeding paper 5 such an ana­

lysis was made by the authors in the case of point 

defects and dislocations respectively.

I. NMR Signals after a n{2-r-ß Pulse Sequence

Let us consider in a cubic lattice a system of 

identical spins I  >1/2 with a gyromagnetic ratio y

1 I. S o l o m o n , Phys. Rev. 110 , 61 [1958].

2 A. F lett  and J. R ic h a r d s , Proc. Phys. Soc. London 86,
171 [1965].

3 J. B u t t e r w o r t h , Proc. Phys. Soc. London 8 6 , 297 [1965].

in a frame (x, y, z) rotating with the frequency 

oj2 =  — oj0 = —yH o relative to the laboratory frame 

(X ,Y ,Z ). Here the Z, 2-directions are represented 

by the static magnetic field H0 and the ^/-direction 

by the rf-field H1 respectively. The system shall have 

magnetic dipolar perturbation b with a distribution 

function p (b ) and an electric quadrupole perturba­

tion a with a distribution function p(a). The per­

turbation frequencies

b = yH\)z (1)

(Hdz: Component of the local dipolar field at the 

site of a given nucleus in the direction of the exter­

nal magnetic field H0) and

(@: Electrical quadrupole moment of the corre­

sponding nucleus, V zz\ Component of the electric 

field gradient (EFG) tensor V in the direction of 

the external field H0) are assumed to be small com­

pared with the Zeeman frequency co0 = y H 0 and 

the rotation frequency co1 = y H 1 of the rf-field Ĥ  

during a rf-pulse. The distribution functions are 

normalized to one:

-f oo -f oo

jp{a) da — J p (6) d6 = l. (3)
—  OO —  oo

The nmr signal Ex(t) following an rf-pulse is easily 

obtained by

- f OO -j- OO

E ( t )= j  j  Ex(t) p(a) p{b) dadb (4)
—  OO —  oo

4 G . B o n e ra  and M . G a lim b e r t i .  Rend., 1st. Lombardo Sei. 
Lettere A 100. 617 [1966].

5 M . M e h r in g  and O. K a n e r t ,  Z. Naturforsch. 24 a, 332 
[1969],

This work has been digitalized and published in 2013 by Verlag Zeitschrift 
für Naturforschung in cooperation with the Max Planck Society for the 
Advancement of Science under a Creative Commons Attribution-NoDerivs 
3.0 Germany License.

On 01.01.2015 it is planned to change the License Conditions (the removal 
of the Creative Commons License condition “no derivative works”). This is 
to allow reuse in the area of future scientific usage.

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift für Naturforschung
in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Förderung der
Wissenschaften e.V. digitalisiert und unter folgender Lizenz veröffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der 
Creative Commons Lizenzbedingung „Keine Bearbeitung“) beabsichtigt, 
um eine Nachnutzung auch im Rahmen zukünftiger wissenschaftlicher 
Nutzungsformen zu ermöglichen.



SPIN ECHO SIGNALS IN CUBIC SOLIDS 769

where the free precession signal Ex{t) is defined by 

£ * « - < / * « > / ( / , (  0)> . (5)

With I± = Ix± i Iy Eq. (5) can be rewritten as

Ex{t)=  (</+(«)> + < /- « ) » /< / . (0) ) .  (6 )

The average (7) of the spin operators lx , 7+ can be 

calculated by means of the spin density matrix Q 

using the general relation:

(7)=Tr(o7) (see: TER H a a r 6) .

Assuming that

1) the spin system obeys to a Boltzmann distribu­

tion,

2 ) the perturbation frequencies a, b are small com­

pared to the rotation frequency oj0 ,
3) the average of the Spin Hamiltonian (7i) <€ kT  

(high temperature approximation)

one obtains for the spin dependent part of the den­

sity matrix at time t = 0 after the first ?r/2 pulse

Q (0 )=K - Ix (7)

where

K = y h H 0/ [ (2 I+ l)  kT] .

Substituing Eqs. (5) and (7) into Eq. (4) the nmr 

signal becomes

+ 00 -f oo

E(t) =  J  I T̂ :Tr|/x2̂ P (a ) p(b) dadb . (8 )
—  OO —  o o

In this equation the density matrix Q(t) is given by 

the general transformation

Q(t)= U (t)  Q (0)U (t)~ ' (9)

with V (t) = exp{ — (i/h ) U 't}  (10)

if the Hamiltonian is time independent. In the 

case discussed here (static inhomogenous magnetic

dipole und electric quadrupole broadening) the 

truncated Hamiltonian 71 in the rotating frame has 

the form (B u t t e r w o r t h  3) :

7J = b h I z + a h I 22. (11)

At the presence of a strong rf-field (H1 a, b) 

acting in the ^/-direction of the rotating frame the 

Hamiltonian 711 is given by

= —}, H1h Iy  (12)

which causes a rotation of the spin system around the 

^-direction with the rotating frequency co1 — y H 1. 

Consequently the rotation angle ß after an rf-pulse 

of time tv is

ß =  y h (13)

Now the desnity matrix Q(t — r) after a n/2 — x — ß 
pulse sequence can be written by using Eqs. (9), 

(10) as

Q(t-r) = L q (0) L~x (14)

with whereL = U (t-r)-P(ß)-U (r)

a) the operator P(ß) describes the rotation of the 

spin ensemble by the rf-field Hx

P(ß) =exp(zß Iy) and (15)

b) the operator U transforms the spin system to 

time r and t — r respectively:

U (l- r )  = e x p [  — ( i/ h )  .

To determine the nmr signal E(t — j)  according to 

Eq. (4) one has to compute:

/
Tr{£>(z — r) I±} = 2 ( m \ Q(t — r ) 7± j m) . (16)

m= —I

Supposing a pulse spacing r 2 ji/(b) ( ( b ) : mean 

value of dipole interaction) a straight-forward cal­

culation yields the result (B u t t e r w o r t h  3) :

Tr {o(i — t) 7+} = K - 2 [ / ( /+ l)  — m(m + 1) ]1/2 (m j P(ß) j m ) ■ (m \ I  x \ m") (m" j P{ß) 11 m + 1)

•exp[i{ (t — r) [ (2 m + 1) a + b] + r[ (m ' + m ) a + b] (m" - m ) }] . (17)

The same calculation shows, that

T r(e (*- r) 7_} = [T r{e (*- r)7+}]*.

Therefore the signal Ex(t) can be expressed by the 

real part of Tr {o 7+ } . Thus

E M  =Re[Tr{o(/) 7 + }/Tr {{?(0) 7,}]. (18)

6 D. t er  H a a r , Resonance in Magnetic Systems, Scot. Univ. 
Sumer School 1961, Oliver & Boyd, London 1961.

The trace in Eq. (17) leads to maximum nmr sig­

nal, if the argument of the exponential function 

vanishes. From this one gets the relation

t — r 

x

a+ b

(2rei4-l) a-\-b
r ' "\ (m — m ) (19)

which defines the positions in time of the multiple 

spin echoes primarily observed by SOLOM ONx. In 

the case discussed here, only the main echo at time
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t = 2 n  is of interest, for which the spin quantum and the symmetric relation (see: E d m o n d s 7) 

numbers {m, m , m") satisfy the conditions (m' \ P(ß)' m) = ( - l ) m'~w (m' \ P (ß)~i \ m)

m" = m and m' = m + 1. (20) . .
the shape L(t — 2 r) of the mam spin echo at time

With Tr {/,*} = 3 (2 /  + 1) / ( /  + 1) t — 2x after a jt/2 — r — ß pulse sequence is obtained

(m+  1 | l x | m) = ![ / ( /  + 1) -m (m  + 1) ]1/2 from Eqs. (8), (17), (20) as

E{t — 2  t )  = Re
/- i r

2  Cm I p(a
n— —I J

) p(b) exp { { ( i- 2 r )[ (2 m + l)  a + b] } d b da

Here the amplitude CTm of the transition m + lis  given by

r l  g 7(7+1)—to(to + 1) ! I n / m l  , -i\ 2
Cm = - t - /(/+i)-(27+D " (m \p (ß)\m + 1r

where the matrix elements according to E d m o n d s  6 are

{m j P(ß)\m) =
(7 + to') ! (7- to') !

(7+to) ! (7—to) ! J

>/*
I I  , / +  m

1 — m —o 

• ( - 1) ;-

7 —TO 

0

0[cos (/?/2) ] 2*+™'+™ • [sin (/?/2) ]2/-zo—m—m

(22)

• (23)

Using the symmetry relation Cfn= CL(m+i) and with caused by the second rf-pulse. Results of such cal- 

a time base transformation t — 2 r —̂ t  the echo can culations are plotted in Figs. 1 — 6 showing that the

be rewritten as

1 -1
E(t) = C I_ 1/2Z)(0 + 2 2  CTmD(t) Q ((2m  + 1) t)

(24)

where the dipolar function
OO

D (t) = J p{b) cos b t db (25)
—  OO

and the quadrupolar function

OO

()((2 m + l)  t) =  j p(a) cos ((2 m + 1) a t) do

(26) Fig. 1 . Computed echo amplitudes Em (central transition), Eq 
(satellite transition) and the total amplitude Emq =  Em + Eq 

are the cosine Fourier transforms of the distribution for spin 1 = 3/2 versus rotation angle ß of the 2nd rf-pulse.

function p{b) and p(a) respectively. Both functions

are normalized to

0 (0 ) = 0 (0) = 1. (27)
-Qt

-03

S -02

I

•g -0.1
Uj

Therefore the spin echo amplitude E (0) is deter­

mined only by the coefficients C1

E{0) = E m+ y E Q (m) (28)
m

where Em = CLi/oand EQ(m) = 2  Cfn. The echo am­

plitudes E m (central transition) and E q (t7i ) (satel­

lite transition) have been computed for spins I  = 3/2,

5/2, 112, 9/2 as a function of the rotation angle ß Fig. 2. Computed echo amplitudes Em (central transition),
Eq {tti) (satellite transition) and the total amplitude Emq =

1 A. R. Edm o n ds , Drehimpulse in der Quantenmechanik, BI Em+Eq for spin 7=5/2 versus rotation angle ß of the 2nd 
Hochschultaschenbiicher 53/53a. rf-pulse.

;MQ 1=5/2

/ iH/ A f \
EQ(m

/ / t e '  
/ / /  JX A

/  sf*
\

/

Pjo * '
em \{\ \

> ( .

30° 60° 90° 120° 150° 
Rotation angle /? of the 2ndrf-pulse-----*
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1=7/2

Fig. 6. Computed echo amplitudes Eq (tti) (satellite transi­
tions) and the total satellite amplitude £q  = 2  EQ(m) for 

spin 7 = 9/2 versus rotation angle ß of the 2nd rf-pulse.

Rotation angle /? of the 2™.'rf-pulse

Fig. 3. Computed echo amplitudes Em (central transition), Eq 
(satellite transition) and the total amplitude Emq — Em + Eq 
for spin 7 =  7/2 versus rotation angle ß of the 2nd rf-pulse.

0° 30• 60° 90° 120° 150° 180° 

Rotation angle ß of the 2ndrf -pulse----- *-

Fig. 4. Computed echo amplitudes EQ(m) (satellite transition) 
and the total satellite amplitude 7sq =  2 EQ(m) for spin 7 = 7/2 

versus rotation angle ß of the 2nd rf-pulse.

not obtained for ß = ti, but in all cases at a smaller 

value of /?0pt ^  6 4 ° as stated earlier by S o lo m o n  1 

and B u t t e r w o r t h  3. The optimum rotation angle 

ß0pt for maximum echo height decreases for increas­

ing spin I  as shown in Table 1. For ß =  zi all am­

plitudes E q (tji) of the satellite transitions vanish, 

whereas the amplitude Em of the central transition 

has a maximum value. Thus for a n/2 — t — 7i pulse 

sequence the spin echo is determined by the central 

transition only. An experimental verification of the 

theory in the case of spin / = 3/2 is given in Fig. 7.

Fig. 5. Computed echo amplitudes Em (central transition), Eq 
(satellite transition) and the total amplitude Emq — Em+Eq 
for spin 7=9/2 versus rotation angle ß of the 2nd rf-pulse.

spin echo amplitude E (0) is a complex mixture of 

the central and the different satellite transitions.

For a spin echo anlaysis as done in the case of 

RbBr single crystals by M e h r in g  and K a n e r t  0 one 

has to take into account the different parts of several 

transitions on the rotation angle ß. An interesting 

point of view is that the maximum echo height is

Fig. 7. Comparison of the calculated (see Fig. 1) and meas­
ured echo amplitudes in the case of spin 7 = 3/2 as a function 
of ß. The dots in the figure represent the experimental data, 
extrapolated to pulse distance r =  0. The spin echo measure­

ments were performed on a RbBr79 single crystal.

The experimental values plotted in the figure were 

obtained by spin echo measurements on Br'9 in a 

RbBr single crystal strongly deformed to generate 

a large mean quadrupole perturbation caused by the 

stress fields of dislocations (see 5) . In this case, the 

central and the satellite transition parts in the echo 

signal can easely be separated. For small values of 

the angle ß the theoretical curves fit the measured
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values whereas there is a deviation between the ex­

perimental and theoretical data for /5<100° prob­

ably caused by an inhomogenity of the rf-field Hx . 

These measurements were done by means of a fast 

nmr pulse spectrometer in conjunction with a fast 

digital averaging technique as described by Meh- 

r i n g  and K a n e r t  8.

The normalized form En(t) of the spin echo sig­

nal is represented by

En(t) = E (t) /Emq
i -1

= AMD(t) + ’Z A Q(m) D(t) ^ ( ( 2 m + l)  t)
m = \

= Am D(t) +AQD (t) Q+(t) (29)

where Emq = Em + Eq with Eq = 2  Aq (m ).
m

Here the amplitudes A are defined by 

Am = Em/Emq , Aq{tti) — Eq(tti)IEmq , Aq = X AQ(m)
m

and the resulting quadrupole part Q* (t) is:

QH0 = I(A<>(m)IAQ)-Q{(2m + l) t) .
m

(30)

From Eqs. (27), (29) it follows

£„ (0) = D ( 0 )=<?+(0) = 1 .

For the spins 7 = 3/2, 5/2, 7/2, 9/2 the values of 

the amplitudes A at the optimum rotation angle ßopt 

are listed in Table 1.

Spin I 3/2 5/2 7/2 9/2

ßopt 64°

oO

30° 24°
ÜMQiß opt)/

Emq{™) 1.03 1.425 1.80 2.20
A-M(ß opt) 0.366 0.247 0.190 0.153
EQ(m)/EQ 

for ßovt 
m — 1/2 1.0 0.622 0.446 0.359
m == 3/2 — 0.378 0.368 0.324
m =  5/2 — — 0.186 0.243
m =  7/2 — — — 0.109

^Q(^opt) 0.634 0.753 0.810 0.850
JlQ 0.683 0.623 0.595 0.578

Table 1. Spin Echo Signal Parameters.

II. Determination of Quadrupolar Perturbation 

by Means of Spin Echo Analysis

From Eq. (29) in conection with the data given 

in Table 1 one can calculate the spin echo shape 

En(t) for a given dipolar function D (t) [Eq. (25)]

8 M . M e h r in g  and 0. K a n e r t ,  Proc. XIYth Colloque Am­
pere, Ljubljana 1966. p. 988.

and quadrupolar function ()((2 m  + l ) f )  [Eq. 

(26)] or vice versa. If the dipolar function D(t) is 

known, from Eq. (29) in connection with the data 

given in Table 1 one can calculate the quadrupole 

function ^ ( ( 2 m + l) () from the measured spin 

echo signal En(t). Since the dipolar function D(t) 

can be written as a Gaussian function in a good 

approximation D (t) = exp ( —0.693 t2/to2) with the 

half width tjy , shown for example in Fig. 8 in the 

case of RbBr'9, Q+(t) can be calculated in a simple 

way if tr> is known. A Fourier transformation of 

Q+ (t) yields the quadrupolar distribution function 

p{a) as shown in ref. 5 in the case of dislocations 

and point defects respectively.

o-o-o hc

parallel to 

parallel to

1 1

A

A^ ° - o .

•

<

/ ___________________ j__________ __________ i
0 10 20 30 iO-1CTs* 50

t2 -------

Fig. 8 . Logarithmic plot of the dipolar echo shape D(t) of 
Br79 in a RbBr single crystal versus time square t2, obtained 
in a jz/2 — r — % echo experiment. The straight lines show the 

Gaussian behaviour of D ( i) .

In many cases only the mean quadrupole pertur­

bation is wanted. Thus one has to establish a rela­

tion between the width of the measured echo 

E n(t) and the real half width tQ of the quadrupolar 

function Q (t) = J p{a) cos a t da [see Eq. (26)], 

which is correlated with the mean quadrupole per­

turbation [(a2)] ’ 2 of a Gaussian distribution func­

tion p(a) by the relation [ (a2)]1/2 =  1.18/Jq . Intro­

ducing in a first step the width tQ+ of the quadru­

pole function Q+ [Eq. (30)] one obtains according 

to Eq. (29)

En{tQ+) =D(tQ+) {Am + 2 Aq) = D(tQ^) -Hq (31)

where the parameter

hQ = Am+\ A q (32)

listed in Table 1 determines the experimental echo 

width t£ by the relation (see Fig. 9) :

En (1e) =  fiQ . (33)
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Fig. 9. Schematic diagram of the spin echo shape En(t), re­

sulting from the two contributions of the dipolar part Am D(t) 
and the satellite part Aq D (t) Q+ (t) . The figure illustrates the 

experimental echo width tE as defined in the text.

If the mean quadrupole distortion is large compar­

ed to the mean magnetic dipole interaction i. e. 

tQ+ ^  tj) , it follows

and En(tQ+) = hQ = En(tE)

or Ie = tq+ • If in contrast the quadrupolar width 

Iq* is of the same order of magnitude as the dipolar 

width tp an iteration method has to be applied 

in general in order to compute the width tQ+ from 

the measured echo width tE . Assuming special ana­

lytical functions for the parts D(t) and @+(0 the 

calculation can be done without iteration. Starting 

from Eq. (29) and supposing a Gaussian function 

for the dipolar part D (t) a straight forward calcu­

lation yields the relation

Q+ (x) = M [exp (0.693 e2) —1] + i  exp (0.693 e2)

(34)

where the parameters and e are defined by

x = tQ'/tE and e = tE/tD (35)

the coefficient x represents the correlation between 

the measured width tE and the quadrupolar width

t Q + .

Choosing a Gaussian function for the quadrupole 

function Q+(t), Eq. (34) yields for the correction 

factor

xq = { — 0.693/ln[ ( A m / A q  + 0.5)exp(0.693 e2)

- A m/Aq]}''- (36)

whereas in the case of a Lorentzian function for 

Q+ (t) one gets

(Am/Aq + 0.5) exp (0.693 £2) — Am/Aq \i/! 

Am!Aq-\-\— (Am/Aq+0.5) exp(0.693 £2) /

(37)

Since the coefficient Am/Aq depends on the nuclear 

spin 1, the values of the parameter x subjects to the 

spin I  as well. In Fig. 10 a, b the parameters xq and

xi for the optimum rotation angle /?0pt are plotted 

as a function of the normalized echo width £ for the 

two spins 7 = 3/2 and 5/2. The figures show, that 

the deviation of the correction factors xq and xL 

increases with increasing £, i. e. with decreasing 

quadrupole distortion in the sample. In the region 

£ 'x « l ,  i.e. tQ+^tp this deviation grows so large, 

that in calculating tQ+ one has to make use of the 

iteration method mentioned above.

Fig. 10 a, b. Plot of the correction factors xq, [Eq. (36)] and 

HY, [Eq. (37) ] as a function of the normalized measured echo 

width e — tE/tD for the spin 7 =  3/2 (Fig. 10 a) and the spin 
7 =  5/2 (Fig. 10 b).

Finally one has to calculate the relationship be­

tween the width tQ+ and the real half time Iq of the 

quadrupole function Q{t), which can be expressed 

by a coefficient / given by the relation

tQ = A-tQ+. (38)

In order to compute the factor A according to Eq. 

(30) one has to pay attention to the contributions 

of the different satellite transitions to the resulting 

quadrupole part Q+ (t) . With the data represented 

in Table 1 the result can be written for the different 

spins I:
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spin I:

3/2: 0 +(O = 0 (2 0 ,

5/2: Q+(t) =0.622 0(2*) + 0.378 0(4  t) ,

7/2: 0 + (t) = 0.446 0 (2 0  + 0.368 0  (4 t)

+ 0.1860(6«), (39)

9/2: 0 +(O = 0 .3 5 9 0 (2 0  + 0 .3240 (40

+ 0.243 0 (6  t) + 0.1090(8«).

From this it follows for 7 = 3/2, that / = 2 is in­

dependent of the line shape of the quadrupole func­

tion Q{t). In all other cases an assumption must be

done  a b o u t lin e  shapes o f 0 ( 0 to de te rm ine  the

Spins I : 3/2 5/2 7/2 9/2

2 .0 0 2 .6 6 3.31 3.84

J-L 2 .0 0 2.58 3.16 3.58

Table 2. Correction coefficients X.

coefficient X. Supposing for 0 (0  a Gaussian and 

a Lorentzian shape respectively, values for the re­

sulting coefficients Aq and / l  are given in Table 2 

for the different spins I.

Summing up the relations between the measured 

echo width tfr and the wanted quadrupole width Iq  

the following equation is obtained

t Q  =  k'X 't£ (40)

where the coefficient ^ and / depend on the spin /, 

the strength of the quadrupole perturbation compar­

ed to the mean dipole interaction and the line func­

tions of the dipolar and the quadrupolar parts re­

spectively. According to Eq. (40), the half width Iq 

of the quadrupole function 0 (0  can be determined 

from the measured echo width «£. On the other 

hand the width tQ is related to the width [(a)2]‘/ä 

of the quadrupolar distribution function p{a), i. e. 

to the mean quadrupole distortion. Since the width 

[(a2)]1/2 depends on the defects in the sample, one 

gets information about these defects by means of 

spin echo measurements as done by the authors in 

the case of point defects and dislocations (see ref. 3).
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